We demonstrate the simplicity of AdS 5 × S 5 IIB supergravity at one loop level, by studying non-planar holographic four-point correlators in Mellin space. We develop a systematic algorithm for constructing one-loop Mellin amplitudes from tree-level data, and obtain a simple closed form answer for the O SG
Introduction
Studying scattering amplitudes of weakly coupled theories in flat space has revealed many enticing mathematical structures (see, e.g., [1, 2] for recent textbook presentations). Many of these structures are "hidden" as they are invisible from the Lagrangian formulation of the theory. For this reason, the unexpected structures in the amplitudes provide rare opportunities to understand the theory from a different perspective. One may imagine to extend the scattering amplitude program in flat space to include amplitudes on a curved background. The prime choice of the background would be the Anti de Sitter space because of the AdS/CFT duality. Via the correspondence, the scattering amplitudes in the bulk are mapped to the conformal correlation functions on the boundary. The additional conformal symmetry offers us extra leverage, and we can exploit the modern methods of the conformal bootstrap.
While the program of AdS scattering amplitudes (or holographic correlators) was initiated a long time ago, only recently have truly efficient computational methods been developed. In the paradigmatic example of IIB supergravity on AdS 5 × S 5 , which is dual to the infinite 't Hooft coupling limit of the 4d N = 4 SYM theory, only a handful of explicit results of four-point functions had been computed in the past [3] [4] [5] [6] [7] [8] [9] [10] . It turns out that one should instead consider the holographic correlator as a whole, which is much simpler and more rigid than individual diagrams. In [11, 12] , methods inspired by the conformal bootstrap were introduced, which translates the task of computing correlation functions into solving an algebraic bootstrap problem in Mellin space. The new approaches have led to a simple compelling conjecture for all one-half BPS four-point functions in the tree-level supergravity limit [11, 12] , which was later verified by explicit calculations in a large number of examples [13] [14] [15] . These techniques have also been generalized and combined with other methods to produce new results in other backgrounds [16] [17] [18] [19] [20] , and beyond two-derivative supergravities [21] [22] [23] [24] [25] .
In this paper, we take a step further and study supergravity four-point functions of one-half BPS operators at one loop level. Thankfully, the technology developed in [26, 27] allows us to readily perform this task, which generalizes the generalized unitarity methods in flat space. 1 A number of papers have appeared discussing supergravity one-loop correlators in AdS 5 × S 5 with small R-symmetry charges [33] [34] [35] [36] [37] [38] . 2 These results are impressive achievements because the expressions in position space are highly complicated. However, an important observation was made in [41] that the 20 operator four-point function continues to have simple analytic structures at one-loop level in Mellin space. The Mellin amplitude was found to consist of only simultaneous poles in the Mellin-Mandelstam variables with constant coefficients. This suggests that Mellin space perhaps is the most natural language to discuss these objects. In this paper, we will further demonstrate the simplicity of the one-loop correlators, by studying in Mellin space an infinite family of correlators of the form
Here O SG p stands for a one-half BPS operator with dimension p, and is dual to a scalar supergravity Kaluza-Klein mode with S 5 angular momentum p. The superscript "SG " refers to the fact that the field theory operators are in the supergravity basis, which we will elaborate on in Section 2.1. The reason for focusing on such correlators is that they enjoy certain properties which simplify the analysis. They allow us to explore in a simpler setting the analytic structures of the Mellin amplitudes. However, we believe that many of the analytic properties should also be valid for generic correlators. The main achievement of this paper is a systematic algorithm which computes the one-loop Mellin amplitudes of the O SG 2 O SG 2 O SG p O SG p correlators using the tree-level data. Moreover, we conjecture a closed form expression of the Mellin amplitudes for any p. We also study the flat space limit of these amplitudes, which gives perfect agreement with the flat space expectation.
As we mentioned in the beginning, one motivation to study the holographic correlators is to discover unexpected structures, which may teach us new lessons about supersymmetric quantum gravity or strongly interacting CFTs. One curious emergent structure is the ten dimensional hidden conformal symmetry observed in the AdS 5 × S 5 tree-level supergravity correlators [42] . 3 The authors of [42] showed that the result of [11, 12] can be resumed into a generating function which exhibits an SO(10, 2) symmetry. Moreover, the existence of the symmetry also explains the remarkable simplicity of the double-trace anomalous dimension formula [38] , which comes from solving a complicated mixing problem. The fate of the hidden symmetry at one loop, however, is a priori unclear. While the hidden symmetry at tree level determines the leading logarithmic singularity at any loop order [42] , these singularities in general do not determine the full loop correlator even at one loop. Interestingly, we find nontrivial evidence that the one-loop correlators O SG
are completely determined by the hidden conformal symmetry. As we will define in a precise sense, the full Mellin amplitudes are generated by the hidden symmetry, in terms of what we call the pre-amplitude which manifests the action of the symmetry (see Section 3.3) . This gives rise to the hope that general correlators perhaps could also be fully determined using hidden symmetry. We will leave these speculations to future investigations.
The rest of the paper is organized as follows. We start in Section 2 with a general discussion of four-point functions at large c and strong coupling. In Section 2.1 we clarify the identification of the boundary operators with the one-half BPS supergravity states in the bulk by introducing the supergravity basis. In Section 2.2 we review the superconformal kinematics of the one-half BPS four-point functions. We review the implications of the ten dimensional hidden conformal symmetry in Section 2.3, and we introduce the Mellin representation in Section 2.4. Section 3 contains the main results for the one-loop correlators. We discuss the general structure of the O SG
one-loop correlators in Section 3.1, and outline an algorithm for computing their Mellin amplitudes. We demonstrate this algorithm in Section 3.2, by computing explicit examples with p = 2, 3, 4. In Section 3.3, we expose the underlying structures of these Mellin amplitudes by introducing the pre-amplitudes. The action of the hidden symmetry is manifest on the pre-amplitudes, and this leads us to a conjecture for the O SG
one-loop Mellin amplitudes for any p. We comment on the generalization to higher-weight correlators in Section 3.4. In Section 4 we study the flat space limit of the one-loop Mellin amplitudes. We conclude in Section 5 with a brief discussion of future directions. Additional technical details are relegated to the two appendices.
Note: While we were preparing this work for submission to the arXiv an independent work [44] appeared, where a different algorithm in position space was developed. The authors demonstrated their algorithm by computing cases of correlators with low-lying conformal dimensions. Their explicit examples complement our results for the one-parameter
in Mellin space. 3 The same symmetry has also been observed in the leading order stringy corrections [43] . A six dimensional version of the hidden symmetry has also been found in correlators from IIB supergravity on
2 Four-Point Functions at Large c and Strong Coupling
The supergravity basis of one-half BPS operators
One-half BPS operators are super primaries of short representations of the superconformal group P SU (2, 2|4). These operators have zero Lorentz spin, Dynkin labels [0, p, 0] under the R-symmetry group SU (4), and protected conformal dimensions ∆ = p. On the field theory side, we can explicitly write them down in terms of the six scalars X I , I = 1, . . . , 6 , of N = 4 SYM. A convenient way to enumerate them is to start with the single-trace one-half BPS operators
and construct the p-trace one-half BPS operators by taking normal-ordered products of k single-trace operators and projecting to the symmetric traceless representation. Here we have used null vectors t I satisfying t · t = 0 to contract the R-symmetry indices, which makes the symmetric traceless property of the one-half BPS operators manifest. Note the distinction between single-trace and multi-trace is only sensible in the large N limit -at finite N trace relations will give rise to relations among the operators. In this paper we will only focus on the limit where N is large. The trace number however is not a useful notion on the dual AdS supergravity side, where it should be superseded by the particle number as we will elaborate below. To see this, let us first recall that supergravity fields from the Kaluza-Klein reduction are not mapped to single-trace operators under the duality dictionary [12, 38, 45, 46] . This is best illustrated by considering a simple example of three-point function, namely O 2 O 2 O 4 . Three-point functions of one-half BPS operators are known to be independent of the 't Hooft coupling coupling [47] [48] [49] [50] [51] [52] [53] [54] [55] . In the zero coupling limit, it can be computed from Wick contractions and yields a nonzero answer. At infinite 't Hooft coupling and tree level, three-point functions are computed as a three-point contact Witten diagram. However, we find the effective Lagrangian of AdS 5 × S 5 IIB supergravity does not have a cubic vertex for three scalar fields with dimensions 2, 2 and 4. This seems to lead to a contradiction to the non-renormalization theorem. The resolution to the paradox [45, 46] is that the Kaluza-Klein mode with dual conformal dimension 4 is actually a mixture of single-trace and double-trace operators
(2.
2)
The mixing coefficient µ is fixed precisely by the condition that the three-point function 
The operator O 4 should be identified with a single-particle state in AdS 5 , while :
is identified with a two-particle state. The condition (2.4) is the statement that the singleparticle state and the two-particle state are orthogonal. Note that the orthogonality of operators with different particle numbers is a physical condition, and we should insist on this property at any perturbation order in the bulk. The condition (2.3) therefore holds at any loop level. The above discussion leads us to define a different basis for one-half BPS operators which is better suited for discussing the supergravity dual. We will refer to this basis as the supergravity basis. The construction of this basis goes as follows. We construct the single-particle operators as
where κ = p 2 ≥ 2 is the maximal number of traces O SG p can accommodate. In the normalordered products, the representations have been projected to the symmetric traceless one to make them one-half BPS. This is conveniently implemented by using the same null vector for all operators. We sum over all the partitions {q i } satisfying the conditions
(2.6)
The coefficients µ (a)
{q i } can be fixed by requiring that
for any {q i } satisfying the above partition conditions. These single-particle operators are identified with the Kaluza-Klein reduction of the supergravity fields. The above definition for single-particle operators is recursive. Let us unpack it by making a few comments. For any given p in (2.5), the normalordered products involve only single-particle operators with conformal dimensions smaller than p. Therefore we can start the construction from the lowest-lying operators and then increase the conformal dimensions. For p = 2, 3, the single-particle operators coincide with the single-trace operators
We start to encounter operator mixing at p = 4, 5 9) and the mixing coefficients are solved by
It is clear that for any value of p the same number of conditions (2.7) is the same as the number of unknowns in (2.5), which ensures a solution. The condition (2.7) generalizes (2.4) to a generic extremal correlation function, which is known to be true in tree-level supergravity. Note that extremal correlators are known to be protected [56] [57] [58] [59] [60] . The mixing coefficients µ (a)
{q i } are therefore coupling independent, and can be computed in the free theory. Having defined the single-particle operators, we can define multi-particle operators by taking the normal-ordered products of the single-particle operators. The condition (2.7) is the statement that multi-particle operators are orthogonal to single-particle operators.
We should mention that the above notion of the supergravity basis is useful to any supergravity dual. In cases where the boundary field theory has a weakly-coupled limit, and the extremal correlators are protected by non-renormalization theorems, we can compute the mixing coefficients in the free theory limit. For example, we can similarly establish a relation between the supergravity states of IIB supergravity on AdS 3 × S 3 × K3 (or T 4 ), and the one-half BPS operators at the orbifold point. In the latter case operators are more naturally graded by the number of twist operators inserted, which is similar to the trace number in the N = 4 SYM case.
For future convenience, we will also normalize the single-particle operators to have unit two-point function. We denote the normalized single-particle operators as O SG p , and they satisfy
Superconformal kinematics of four-point functions
The focus of this paper is to study the four-point functions
of one-half BPS operators which are single-particle operators in the supergravity basis. The objective of this section is to review the superconformal kinematics of these correlators.
Solution to the superconformal constraints
We begin by considering covariance under R-symmetry. To ensure the correlator transforms covariantly under SO(6) and with the correct R-symmetry charges, the null vectors can only appear in G p 1 p 2 p 3 p 4 as a linear combination of 13) and the exponents are subject to the constraints
The monomials correspond to different Wick contractions in the free theory. Superconformal symmetry places further constraints on the four-point functions, in the form of superconformal Ward identities [61, 62] . The solution to the superconformal Ward identities dictates that G p 1 p 2 p 3 p 4 can be written as the sum of a free part and a "correction" part 15) which is known in the literature as the partial non-renormalization theorem [61] . Here G f ree,p 1 p 2 p 3 p 4 is the four-point function in the free theory, and can be obtained by performing Wick contractions. The factor R is crossing symmetric and is completely determined by superconformal symmetry to be
Here we have introduced the conformal cross ratios
and analogously the R-symmetry cross ratios
The function H p 1 p 2 p 3 p 4 is known as the reduced correlator, and encodes all the dynamical information. For (2.15) to be a nontrivial statement, the reduced correlator must not contain any poles which cancel the zeros in R. Kinematically, we can view H p 1 p 2 p 3 p 4 as a four-point function with shifted conformal weights p i + 2 and R-symmetry weights p i − 2. It has, in particular, Bose symmetry (crossing symmetry in the case p i are identical) when the external operators are exchanged. The above discussion relies only on superconformal symmetry, and applies to any onehalf BPS four-point functions regardless of the mixing details among degenerate operators. However we should emphasize that G p 1 p 2 p 3 p 4 computed from supergravity must be identified with the four-point function of single-particle operators in the supergravity basis. The free correlator G f ree,p 1 p 2 p 3 p 4 in (2.15) gives different answers depending on whether the external one-half BPS operators are the single-trace operators O p or the single-particle operators O SG p . 4 The mismatch of the free correlators was first observed in the explicit calculations from tree level supergravity [9, 10] , and is precisely accounted for by the change of operator basis.
Correlators as functions of cross ratios
For later convenience, let us also extract some kinematic factors from the correlators such that we can write them as functions of cross ratios. We introduce the following convenient factor
The acute reader might wonder if the difference can be absorbed into a redefinition of Hp 1 p 2 p 3 p 4 , since the division of Gp 1 p 2 p 3 p 4 into G f ree,p 1 p 2 p 3 p 4 and Hp 1 p 2 p 3 p 4 is ambiguous. This however is not possible because we can setᾱ = 1/z (also known as the chiral algebra twist [63] ) such that the contribution from the reduced correlator vanishes. The twisted correlator is different for the two choices of external operators.
We then define 5
In terms of the functions of cross ratios, we can rewrite (2.15) as
Superconformal block decomposition
As we mentioned in footnote 4, the division between the protected part and the dynamic part is not without ambiguities. In fact, G p 1 p 2 p 3 p 4 can be written in an alternative form which is more convenient for decomposing the correlator into superconformal blocks [64, 65] 
(2.25)
Here we have used a change of variables
are coupling-independent functions, which are obtained by twisting the four-point correlator. The function χ p 1 p 2 p 3 p 4 (z, β) is defined by
The new form (2.25) partially reshuffles between G f ree,p 1 p 2 p 3 p 4 and H p 1 p 2 p 3 p 4 . As a result, the superconformal block decomposition of the correlator now takes a simple form. However it is at the cost that H p 1 p 2 p 3 p 4 is no longer crossing symmetric. More precisely, we can write f p 1 p 2 p 3 p 4 and H p 1 p 2 p 3 p 4 as a sum over conformal blocks and R-symmetry blocks. The 4d conformal blocks are given by
where r = p 21 , s = p 34 , and
The R-symmetry blocks are obtained by analytic continuations. We have
for the spin-m 2 representation of SU (2). In terms of these building blocks, the functions H p 1 p 2 p 3 p 4 and f p 1 p 2 p 3 p 4 are decomposed as
where m is in the range max{|p 21 |, |p 34 |} ≤ m ≤ min{p 1 + p 2 , p 3 + p 4 } − 2, and is even integers away from the lower bound. Long multiplets of P SU (2, 2|4) contribute only to H but not to f . Short and semi-short multiplets, on the other hand, generally contribute to both H and f . The precisely expressions for contribution of each super multiplet can be found in [64] . Let us make a comment regarding the connection between the two equivalent forms (2.15) and (2.25) of writing the four-point function. When split according to (2.15), both terms contribute to H. We respectively denote the contributions as H f ree,p 1 p 2 p 3 p 4 and H dyn,p 1 p 2 p 3 p 4 . On the other hand, only G f ree,p 1 p 2 p 3 p 4 contributes to f . We can further split H f ree,p 1 p 2 p 3 p 4 into a short part H short f ree,p 1 p 2 p 3 p 4 from the protected parts, and a long part H long f ree,p 1 p 2 p 3 p 4 from long multiplets
When speaking of the OPE coefficients of the long multiplets, we should take the total H, and with the contribution of short multiplets subtracted
Implications of ten dimensional hidden conformal symmetry
The correlation function G p 1 p 2 p 3 p 4 admits an expansion in 1/c when the central charge c = N 2 − 1 is large. It is convenient to define an expansion parameter
and we can write the expansion as
Thanks to (2.15), computing G p 1 p 2 p 3 p 4 reduces to the task of calculating H p 1 p 2 p 3 p 4 , which admits a similar expansion
f ree,p 1 p 2 p 3 p 4 due to large N factorization. Using the AdS/CFT correspondence, obtaining H (L+1) p 1 p 2 p 3 p 4 requires to compute AdS 5 × S 5 supergravity to L loops. For L = 0, this corresponds to tree level supergravity, and all one-half BPS four-point functions H
were obtained by solving an algebraic bootstrap equation [11, 12] . In [42] it was realized that the results of [11, 12] can be elegantly organized in terms of a hidden ten dimensional conformal symmetry. In this section, we briefly recall and comment on the consequence of this hidden structure.
The hidden symmetry is manifested at tree level by a generating function which is obtained by lifting the p i = 2 correlator into ten dimensions. More precisely, we start from the reduced correlator H (1) 2222 which is a function of x 2 ij only. We define the generating function H by replacing the argument
The higher-weight reduced correlators H (1) p 1 p 2 p 3 p 4 are obtained by Taylor expanding H(x i , t i ) in t ij and collect all the monomials allowed in H (1)
When rewritten in terms of the cross ratios, one obtains differential relations
It is easy to check that this way of generating the differential operators D p 1 p 2 p 3 p 4 is equivalent to the original prescription in [42] via contour integrals. The ten dimensional hidden conformal symmetry also reveals interesting structures in the theory spectrum at infinite coupling. These structures of the spectrum have implications which extend well beyond the tree level. In the supergravity approximation, all unprotected operators are formed as non-BPS multi-particle states, and are degenerate in the strict c → ∞ limit. The degeneracy of the two-particle spectrum is lifted at the next order by the averaged anomalous dimensions which are encoded in the log U coefficient of H (1)
The anomalous dimensions can be systematically extracted from G (0)
after diagonalizing the mixing matrix [35, 37] . Suprisingly, solving the mixing problem becomes automatic if one decomposes the reduced correlator in terms of ten dimensional conformal blocks, as was demonstrated in [42] . This interesting feature not only provides a more efficient way to obtain the anomalous dimensions, but also gives a prediction about the leading logarithmic singularity of the reduced correlator. Because the use of ten dimensional conformal blocks diagonalizes the spectrum, it follows that log q U coefficient of H (q) p 1 p 2 p 3 p 4 , related to the q-th power of the tree level anomalous dimension γ (1) , is given by [42] 
Here ∆ (8) is an eighth-order differential operator of which we record the explicit form in Appendix B. The operators D p 1 p 2 p 3 p 4 are the same ones that appeared in (2.42) . Finally, r (q) (z,z) are the seed data which do not depend on the external weights {p i } but only on the loop level. Explicit expressions for r (q) (z,z) can be found in Appendix C of [42] . 6 We will focus on q = 2, i.e., one loop level, in the rest of the paper. It will turn out to be useful to view r (2) (z,z) as the log 2 U coefficient of a correlator-like object, to wit 44) or equivalently,
where . . . contains subleading logarithmic singularities in U . Similarly, we can introduce the higher-weight analogue of λ 2222 via the identification
Note that D p 1 p 2 p 3 p 4 cannot act on log 2 U because it has to preserve the leading logarithmic singularity. The relations between the log 2 U coefficients suggests that the correlators λ p 1 p 2 p 3 p 4 and λ 2222 should be related by the hidden ten dimensional conformal symmetry in the same fashion (2.41) as at tree level.
Mellin representation
The Mellin representation formalism [66] [67] [68] is an efficient language for discussing holographic correlators, and manifests the analytic structures. We will follow [11, 12] where the Mandelstam-Mellin variables simply permute under the action of Bose symmetry. We define the Mellin representation of the reduced correlator to be
] .
(2.47) 6 Our notation deviates from [42] , where r (k) (z,z) is denoted as
Here s+t+u = p 1 +p 2 +p 3 +p 4 −4. 7 Using this formalism, the tree level reduced correlators admit an extremely simple representation. The Mellin amplitudes take the form [11, 12] 
where the summation is over all the R-symmetry structures, and i+j+k = min{p 4 
(2.49) which ensure the poles in (2.48) are in the region bounded by the poles from the Gamma functions.
Let us also define the Mellin representation for λ p 1 p 2 p 3 p 4 . Since the differential operator ∆ (8) can be written in terms of Casimir operators, it preserves the conformal and R-symmetry weights. We therefore have the same representation for λ p 1 p 2 p 3 p 4
(2.50)
Supergravity One-Loop Correlators in Mellin Space
In this section we demonstrate the simplicity of AdS 5 × S 5 supergravity Mellin amplitudes at one loop. We will mostly focus on the class of correlators with
for which a number of simplifications occur and a general solution is easier to obtain. In Section 3.1 we discuss the structure of their Mellin amplitudes. We describe an algorithm which generalizes the approach of [41] and computes Mellin amplitudes using implications of the hidden ten dimensional conformal symmetry and other tree-level data. This algorithm is implemented in Section 3.2 for several explicit examples. In Section 3.3, we introduce the pre-amplitudes, which are related to the Mellin amplitudes via differential operators. We find a general formula for the pre-amplitudes, and it gives the one-loop Mellin amplitude with arbitrary p. When applied to more general correlators, our algorithm captures only part of answer because new structures will emerge. We will comment about the general cases in Section 3. 4 , and discuss what extra information is needed to find the complete answer. • The reduced correlator H 22pp has no R-symmetry dependence. This is clear from the discussion of superconformal kinematics in Section 2.2.
• Pairwise identical operators give rise to crossing symmetry between the t and u channel.
• The free correlator G f ree,22pp is 1/c-exact. We will prove this fact in Appendix A.
While the first two points lead to obvious simplifications, the consequence of the last bullet point deserves some comments. It follows from the 1/c-exactness of the free correlator (recall a is related to c via (2.38))
2)
This implies that H
where we recall that H 22pp to have exactly opposite contributions such that the spurious long operators do not appear in the sum. 9 Thanks to the fact that G f ree,2p2p are zero, and in particular the absence of long operator contributions with twist τ < p + 2. Note that such operators are also spurious for these supergravity correlators: for
have to vanish because of R-symmetry violation, or for being extremal or next-to-extremal; this implies that no double-particle long operators with τ < p + 2 can appear in the O SG 2 × O SG p OPE in the supergravity limit. All in all, we conclude that H (q) 22pp = 0 contains only physical long operators for q ≥ 2.
Structure of the one-loop Mellin amplitude
The above consideration immediately sets a lower bound for the pole ranges in the Mellin integrand. In Mellin space exchanged operators are manifested as poles in the integrand of the inverse Mellin transformation. These poles come in infinite series with even integer spacing, and the position of the leading pole coincides with the twist of the exchanged operator. Because H (2) 22pp contains only physical long operators which are double-particle states, the poles can only be selected from the following set s = 4, 6, . . . , t, u = p + 2, p + 4, . . . .
(3.6)
Moreover, the integrand of the inverse Mellin transformation cannot have more than triple poles. This is because the one-loop reduced correlator can have at most log 2 U logarithmic singularity in the small U expansion, which is associated with the squared tree-level anomalous dimension γ (1) 2 from the 1/c expansion. Further insight on the structure of Mellin amplitudes can be gained from the p = 2 case computed in [41] . It is observed that the Mellin amplitude M 2222 consists only of simultaneous simple poles with constant residues. The location of the poles in the Mellin amplitude overlap completely with the poles in the Gamma function factors, and correspond to all the double-particle long operators. We are therefore motivated to propose the following Mellin amplitudes ansatz for H
where c t mn = c u mn by crossing symmetry. Note that in contrast to p = 2, the case with general p contains two separate Gamma functions in the s-channel, i.e., Γ[ 4−s 2 ] and Γ[ 2p−s 2 ]. The Gamma functions have a finite range in which the poles do not overlap. This nonoverlapping range corresponds to the double-particle long operators
We should emphasize that in the ansatz (3.7) the poles in s overlap with all the poles of Γ[ 4−s 2 ], which start at the lower bound in (3.6). The pole structure of this ansatz is illustrated by Figure 1 .
We will now spend the rest of this section to outline a strategy to systematically solve the ansatz. As we will show, the ansatz at one loop is intimately related to the data that one can extract from the tree level. We will explain how these relations will enable us to use the tree level data to confirm that (3.7) is the correct answer.
Solving the ansatz amounts to finding all the coefficients c s mn , c t mn , c u mn . These coefficients can be fixed from the leading singularity of the reduced correlator, which can be 22pp (for the example of p = 4). The poles of the Gamma functions are represented by the straight lines, and the simultaneous poles in the ansatz (3.7) are denoted by the dots at the intersections of the lines. The light blue region is where the poles of the tree level supergravity solution (2.48) sit, which is bounded by the Gamma function poles. We have used the green color for the region 2 ≤ Re(s) < 8 to emphasize that the two series of Gamma function poles do not overlap in this region, which corresponds to the long operators [O 2 O 2 ] n, with n = 2, . . . p − 1.
computed by using hidden symmetry relation (2.43). More precisely, the coefficients are encoded in the log 2 U log 2 V (or leading log 2 U log V ) coefficients of the reduced correlator. For example, in
the simultaneous poles in the first sum of (3.7), with m ≥ p − 2 and n ≥ 0, give rise to triple poles in s and t for the inverse Mellin integrand. Upon closing the s and t contours to the right and taking the residues, the simultaneous triple poles generate log 2 U log 2 V singularities (to be precise, each pair of simultaneous pole also gets a U m V n factor from the U factor in the integrand). By comparing with the log 2 V coefficient of
22pp log 2 U , we can uniquely fix c u mn for m ≥ p − 2. Similarly, we can consider
where we have used crossing symmetry to map M
22pp into M
2pp2 . The log 2 U log 2 V coefficient now receives contributions only from the second sum in (3.7), and it has been mapped into ∞ m,n=0
.
(3.10)
For n ≥ 0, and m ≥ p−2, the integrand has triple poles and gives log 2 U log 2 V singularities. For 0 ≤ m < p − 2, however, the integrand has only double poles in t and generates at most log 2 U log V . Moreover, these log 2 U log V terms are multiplied with the singular powers V a−p with a = 2, 3, . . . p − 1 because of the V t−2p 2 factor in the integrand. This allows us to isolate them from the subleading log 2 U log V singularities which arise from the poles with n ≥ 0, and m ≥ p−2. Therefore we can determine the remaining c t mn with m = 0, 1, . . . p−1, by comparing the residues with the leading log V coefficients in H (2) 2pp2 log 2 U in the small V expansion. By crossing symmetry, we have c u mn = c t mn , and this fully determines c u mn . Finally, by comparing the
2p2p log 2 U , we can solve the coefficients c s mn . One may wonder if the above ansatz with only simultaneous poles is sufficient. Moreover, one can ask if single poles of the form
with regular f m (t) should be added. We will answer this question in two steps. We first insert the above coefficients into the Mellin ansatz, and integrate to reproduce the full Vdependence in H
22pp log 2 U , H
2pp2 log 2 U and H
2p2p log 2 U . Note this includes not only the log 2 V and leading log V terms which had been used to fix the coefficients, but also all the other terms with and without log V singularity. Reproducing the full leading logarithmic singularities in all three channels is highly nontrivial -it guarantees that (3.7) is correct in the region with s ≥ 2p and t, u ≥ 2 + p. This still allows the possibility of adding single poles (3.11) in the region 4 ≤ s < 2p, where only double poles in s are present in the inverse Mellin integrand (and only double poles in t, so at most log U log V ). To see whether we can exclude these additional terms, we take the s-residues in this region. If the ansatz is complete, the leading log U coefficient should have the CFT interpretation of
where K τ, ,i denotes the long operator with twist τ , spin , degeneracy label i, and tree level anomalous dimension γ 22K τ, ,i , or more generally, C (0) rrK τ, ,i for r ≤ τ 2 can be obtained from solving the mixing problem that gives the tree level anomalous dimensions [35, 37] . The coefficients C (1) ppK τ, ,i for p ≥ τ 2 , on the other hand, can be obtained by from the U τ 2 +2 , τ = 4, . . . 2p − 2 coefficients in the small U expansion of the tree level correlators H (1) rrpp with 2 ≤ r ≤ p − 1. These expansion coefficients have the interpretation of
from which we can solve C
ppK τ, ,i with the input of C (0) rrK τ, ,i from the solution of the mixing problem. With all the OPE coefficients and anomalous dimensions at hand, we can straightforwardly resum the log U coefficient (3.12). Quite remarkably, in the examples we have checked we find the CFT expectation (3.12) is always met with just the ansatz (3.7), and therefore no single poles of the form (3.11) are needed.
The algorithm
Let us now summarize the above strategy into the following concrete algorithm for computing the one-loop Mellin amplitude M 22pp 1. We compute the leading logarithmic singularities H 2. We extract the log 2 V coefficients from the leading logarithmic singularities, and compare them with the log 2 U log 2 V coefficients from the contour integrations for M (2) 22pp , M (2) 2pp2 , M (2) 2p2p . This fixes the parameters c s mn , c u mn , c t mn for values of m and n that give rise to simultaneous triple poles in the ansatz.
3. In the small V expansion, we extract the leading log V coefficients from the logarithmic singularities. They allow us to fix the rest of the simultaneous poles in the ansatz which give at most log 2 U log V singularities.
4. We resum the Mellin amplitudes, and compute the full V -dependence of the log 2 U coefficients. We check that the fixed ansatz completely reproduces the leading logarithmic singularities as a function of V .
5.
We take the residues at s = 4, . . . 2p − 2 in the inverse Mellin transformation with M
22pp . We focus on the leading log U coefficients and compute their full V -dependence. We check that they agree with the CFT expectation of (3.12), and exclude the possibility of adding single poles.
Explicit examples
We now apply the above algorithm to compute a few low-lying cases. We find that in all these examples the simultaneous poles are sufficient, and no single poles are needed.
The p = 2 case was computed in [41] . Here we just record the solution. Because of the enhanced crossing symmetry, the simultaneous pole coefficients are equal in all three channel. We have
where p It was checked that the leading logarithmic singularity H (2) 2222 is fully reproduced as a function of V by this ansatz. We also note that in this example there is no region in which single poles can be added.
The p = 3 case was computed in position space in [37] . Here we give a Mellin space derivation of their result. We start from H 3,mn = 16 21m 4 n 2 + 39m 4 n + 20m 4 + 42m 3 n 3 + 174m 3 n 2 + 184m 3 n + 64m 3 + 21m 2 n 4 + 162m 2 n 3 + 302m 2 n 2 + 127m 2 n − 8m 2 + 27mn 4 + 120mn 3 + 63mn 2 − 130mn
when m ≥ 1. The m = 0 case does not contribute to the log 2 U log 2 V coefficient, and therefore cannot be determined in this way. We now look at H All m ≥ 1, n ≥ 0 give rise to triple poles in the inverse Mellin integrand, and therefore the residues c t mn can be fixed from the log 2 U log 2 V coefficient of H (s) 2332 . We find the coefficients c t mn are given by the same formula
as we have expected from crossing symmetry. Moreover, by focusing on the V −1 log V coefficient in the small V expansion of H (s) 2332 log 2 U , we can fix the remaining c t mn coefficients with m = 0. These coefficients are also given by (3.19) . However a word of caution is needed. The formula (3.19) is ambiguous at (m, n) = (0, 0), (0, 1), and gives different answer depending on the order we evaluate m and n in (3.19) . The ambiguity follows from the Pochhammer denominator which vanishes at these values. From matching the log 2 U coefficient of H (s) 2332 , we know the correct order is to first evaluate m in (3.19) and then evaluate n. By crossing symmetry, the formula also extends to m = 0 for c u mn once the correct ordering is taken.
Finally, repeating the analysis for H This formula applies for all m ≥ 0, n ≥ 0. Moreover, one can check that (3.20) does not have the ordering ambiguity in this range. Inserting the above coefficients into the ansatz, it is straightforward to check that the full logarithmic singularities are reproduced in three channels. To further eliminate the possibility of adding single poles at s = 4, we can integrate the ansatz and obtain the leading log U coefficient. We find the ansatz gives Since this already agrees with the CFT expectation, no additional single poles can be added.
The analysis for p = 4 is similar to p = 3. From H 
2442 log 2 U log 2 V , we recover the same formula for m ≥ 2, n ≥ 0, and find c t mn = c u mn .
(3.28)
The c t mn coefficients with m = 0, 1 are found by comparing with the V −2 log V and V −1 log V coefficient of H (2) 2442 log 2 U , and fit in the formula (3.26) . Similar to the p = 3 case, c t mn is ambiguous for (m, n) = (0, 0), (0, 1), (1, 0) . Comparison with H
2442 log 2 U shows the correct prescription is again to first evaluate m then evaluate n.
From H
2424 log 2 U log 2 V , we obtain the remaining coefficients
where Q
4,mn is symmetric Q
4,mn = 32 14m 4 n 2 + 28m 4 n + 15m 4 + 28m 3 n 3 + 112m 3 n 2 + 118m 3 n + 40m 3 + 14m 2 n 4 + 112m 2 n 3 + 200m 2 n 2 + 76m 2 n − 13m 2 + 28mn 4 + 118mn 3 + 76mn 2 − 68mn
and free of ambiguities for m ≥ 0, n ≥ 0.
These coefficients guarantee that all the leading logarithmic singularities H
2244 log 2 U , H
2442 log 2 U , H
2424 log 2 U are reproduced. We also evaluate the residues at s = 4 and s = 6, which gives leading log U coefficients in the small U expansion. They yield the following equations for the CFT data
(3.31) From the tree-level correlator, we have the conditions Inserting the solution into (3.31), and using [35] γ (1)
, γ . While the residue coefficients c s,t,u mn clearly share the same structures for different values of p, their precise p-dependence is not immediately obvious from these examples. It would be nice to write down these coefficients in a closed form for arbitrary p, and understand the origin of the structural similarity in all the cases. In this section, we achieve this by reducing the Mellin amplitudes to the pre-amplitudes, which manifests the implication of the hidden conformal symmetry.
Let us recall the hidden symmetry relation (2.43). The leading logarithmic singularity of the one-loop reduced correlator is computed by the action of ∆ (8) on an auxiliary object which we denote as λ p 1 p 2 p 3 p 4 log 2 U 39) and this object is further related to a "seed" via
From the notation it is clear that it is natural to propose the existence of a function λ p 1 p 2 p 3 p 4 , which enjoys the same hidden conformal symmetry as the tree level reduced correlator H
The relation (3.40) then follows as a consequence. Note that the differential operator ∆ (8) is purely kinematical. We can therefore expect simplification if we factor out ∆ (8) and study the Mellin transformation of λ p 1 p 2 p 3 p 4 , which we will call the pre-amplitude. The Mellin representation was defined in (2.50), and the pre-amplitude was denoted as L p 1 p 2 p 3 p 4 . On the other hand, since only information about λ p 1 p 2 p 3 p 4 log 2 U is available, we cannot completely fix L p 1 p 2 p 3 p 4 . In fact, the limited information only allows us to obtain the poles in s which overlap with the Gamma functions to form triple poles. Nevertheless, as we will see, we can already get a lot of mileage from this partial information.
Let us start with the simplest case where k i = 2. We use λ 2222 log 2 U as input. Applying the same techniques for computing M
(2) p 1 p 2 p 3 p 4 we can fix partially the pre-amplitude L p 1 p 2 p 3 p 4 . We find that L 2222 must have the following singularities in order to reproduce the full V -dependence in λ 2222 log 2 U
Here s + t + u = 6, and the coefficients b mn are determined to be b mn = 4(n − 1)n 15(m + 1)(m + 2)(m + n + 1)(m + n + 2)(m + n + 3)
(3.43)
The function P 2222 contains additional terms in L 2222 which do not contribute to the coefficient of log 2 U , and is in general singular. Similar analysis can be done for L p 1 p 2 p 3 p 4 . However, a more convenient way to obtain the pre-amplitudes is to exploit the relation (3.41) in Mellin space. It yields the following difference relation
where the difference operator D p 1 p 2 p 3 p 4 already appeared at tree-level for the Mellin amplitudes M
The case of D 22pp is particularly simple, and we find that L 22pp must contain singularities
where s + t + u = 2p. Note that when m ≥ p − 2 the inverse Mellin integrand has triple poles, and we can cross check that this formula agrees with the position space calculation by applying D 22pp on λ 2222 log 2 U . We still need to relate the pre-amplitudes to the Mellin amplitudes. This is achieved by translating the differential operator ∆ (8) into a difference operator ∆ (8) in Mellin space. The explicit form of ∆ (8) is quite cumbersome, which we will refrain from writing down. However it is rather straightforward to derive this operator, and we sketch the derivation below. We start from the inverse Mellin integral for λ 22pp 47) and act with ∆ (8) . We can use a change of variables to write ∆ (8) in terms of U and V , which acts on the U s 2 +2 V t−2−p 2 factor in elementary ways. 11 The resulting expression includes powers of U and V in addition to the factor U s 2 +2 V t−2−p 2
, but these powers can be absorbed by shifting s and t. Finally, we bring together all the terms into the same form as the Mellin representation for H
This defines a difference operator ∆ (8) which relates M We can now obtain the simultaneous pole coefficients c t,u mn by using the relation (3.49) . Focusing on a particular pair simultaneous poles labelled by m and n, we can read off its coefficient
where the numerator polynomial is given by This formula reproduces the cases with p = 2, 3, 4 which we have computed explicitly. Moreover, the formula also has ambiguities for (m, n) = (0, 0), (0, 1), (1, 0) , and should be accompanied by the prescription that we evaluate m before n.
We would like to point out that (3.50) was derived by assuming {m, n} are in the "bulk", i.e., when all the simultaneous poles labelled by {m , n } in L 22pp , requested by ∆ (8) to reproduce certain simultaneous poles in M (2) 22pp labelled by {m, n}, are present. The relation (3.50) is known to fail near the boundary of {m, n}. We suspect that it has to do with the subtleties of the contours, which were ignored in deriving the differential operator. Moreover, L 22pp may contain other singularities which do not contribute to log 2 U but play a role near the boundary. We plan to perform a more detailed study about such effects in the future, and will not further dwell on this issue here. Nevertheless, as a prescription to obtain a general formula for c t,u mn , our procedure appears always to be valid. An analogous analysis can be performed for H (2) 2p2p , where L 2p2p contains the simultaneous poles
. (3.52) We can similarly derive the difference operator ∆ (8) which takes a slightly different form.
Using the difference relation between L 2p2p and M When plugging in p = 2, 3, 4, we reproduce the previous results.
Comments on higher-weight correlators
, a few new features emerge in a general correlator:
, we have seen that the double-trace spectra have a non-overlapping region in the s-channel, which has finite with support on the conformal twist. In the generic case, non-overlapping regions show up in all three channels.
• The free correlators in the supergravity basis are no longer 1/c-exact (see, e.g., [69] for the explicit example of O SG
• The reduced correlator can have nontrivial R-symmetry dependence. In general, it is a polynomial in the R-symmetry cross ratios of degree min{p 4 , p 2 +p 3 +p 4 −p 1 2 } − 2 (assuming p 1 ≥ p 2 ≥ p 3 ≥ p 4 ).
Let us comment on the consequence of some of these properties on the analytic structure of the Mellin amplitude.
To begin, we notice that when the free correlator does not truncate at O(1/c), spurious long operator may contribute to H (2) p 1 p 2 p 3 p 4 . When this happens, the one-loop Mellin amplitude consequently must have poles to cancel these spurious contributions, and such poles will reside in the "tree-level region"
where all the poles in tree level supergravity solution (2.48) These new features make solving the Mellin amplitudes for operators with general weights a more challenging task. Nevertheless, it is conceivable that the structure of simultaneous pole should persist in the generic case, at least for the poles which overlap with both Gamma functions in a given channel. The coefficients of the simultaneous poles are now polynomials in the R-symmetry cross ratios, but we expect that they do not depend on the Mandelstam variables. Our strategy from Section 3.1 can then be applied straightforwardly to fix the coefficients of these simultaneous poles, and determines a large part of the Mellin amplitude. However, fixing the low-lying poles must await a further systematic study of the tree-level correlators. In particular, OPE coefficients of the type C (1) ppK τ, ,i with τ < 2p should first be extracted, which are so far elusive in the literature. We will leave these problems for the future.
Flat Space Limit
In this section we discuss the flat space limit of the Mellin amplitude found in the previous section. The details of the limit in this setting were discussed in [39] , following [22] , to where we refer the reader for the details. Because we are considering the four-point correlator of KK modes with momentum on the internal S 5 , one must adapt the formula by Penedones [67] to this case. The first step is to reinstate the R-charge dependence to the "reduced" Mellin amplitude M 22pp (s, t) and define the "full" Mellin amplitude M 22pp (s, t, σ, τ ). This is achieved by acting with the following difference operator R [11, 12] :
where hatted powers act as
and in the case at hand (p 1 , p 2 , p 3 , p 4 ) = (2, 2, p, p). In terms of the full Mellin amplitude, the flat space limit reads
where L is the common radius of S 5 and AdS 5 and L 5 V 5 = π 3 L 5 is the volume of the S 5 . A (10d) p,⊥ (2βs, 2βt; σ, τ ) is the ten dimensional flat space amplitude of four supergravitons with momenta k i restricted to AdS, integrated against S 5 wavefunctions φ 2 and φ p and contracted with SU (4) R polarization vectors t i , with transverse kinematics k i · t i = 0.
Let us now consider the large s, t limit of the Mellin amplitude. One can explicitly check that in this limit the action of the difference operator simply gives an overall factor lim s,t→∞ where Θ f lat 4 (s, t; σ, τ ) = (tu + tsσ + suτ ) 2 (4. 6) and remember that in the flat space limit s + t + u = 0. Let us now consider the large s, t limit of the reduced amplitude at one loop. In this case the amplitude takes the form
where c u mn was given in (3.50) , and the dots represent the contribution from the other two channels. From now on we will ignore the other two channels, as they can be treated in exactly the same way. Taking the large s, t limit of this sum is subtle, as one needs to perform the sums and then take the limit. Given the explicit form of c u mn this sum requires regularisation. A standard regularisation is zeta function regularisation, which in the present context is equivalent to take derivatives w.r.t. the Mellin variables s, t. Hence we consider instead
This is a hard sum, but convergent. A careful analysis of the sumand shows that the leading contribution in the large s, t regime arises from the region m, n ∼ s, t. In this limit furthermore we can replace the sum by an integral. From the explicit form of the coefficients c u mn we obtain the leading order in the large s, t limit, where
This is exactly the same integral encountered in [41] . As explained there this integral can be performed and exactly agrees with the double derivative of the 10D box integral I(s, t), with the correct prefactor. The comparison is done in the region where logarithms are real in the Euclidean region s, t < 0. Explicitly we obtain I(s, t) = 1 120 
where G n = π 4 L 8 8c is the ten-dimensional Planck constant, andK is an overall kinematic factor. As already mentioned, in order to make a comparison we have to choose a specific polarisation for the gravitons and transverse kinematics t i · k i = 0. As shown in [39] in this caseK is proportional to Θ f lat 4 (s, t; σ, τ ) and we obtain which exactly agrees with the result for the Mellin amplitude in the flat space limit! The agreement with the flat space amplitude provides a nontrivial consistency check for our Mellin space formula. Before concluding this section let's make the following remark. As it is clear from this computation, the sum over poles that defines the Mellin amplitude is actually divergent, and needs to be regularised. This is a manifestation of the UV divergences also present in the flat space supergravity computation. Since UV divergences arise from small distance effects, we expect the structure of UV divergences in flat space and AdS to be the same. Indeed, note that the regularisation procedure introduces an ambiguity that exactly corresponds to an R 4 term, which is the form of the counterterm present in the flat space computation.
Discussions and Outlook
In this paper we demonstrated the simplicity of we were able to obtain them in a closed form for any value of p. We also studied the large Mellin-Mandelstam variable limit of these amplitudes, and found a perfect agreement with the flat space expectation.
The most evident feature of the one-loop Mellin amplitudes is their remarkably simple analytic structure. The amplitudes consist of only simultaneous poles in the Mellin-Mandelstam variables with constant coefficients, which are the minimally required to reproduce the various logarithmic singularities that can appear at one loop. The fact that only simultaneous poles are involved is, in a way, reminiscent of the so-called no-triangle property of maximal supergravity. It is conceivable that the simplicity of the analytic structure will persist in the Mellin amplitudes of more general correlators, and we are optimistic that an elegant general solution can be found in Mellin space.
Another way to understand the analytic structure of the O SG 2 O SG 2 O SG p O SG p correlators at one loop is that they are completely fixed by the hidden ten dimensional conformal symmetry, which determines the leading logarithmic singularities of the reduced correlators. It is important to emphasize, as we discussed in Section 3.1, that there could a priori be single poles in the Mellin amplitudes which would destroy this feature. Remarkably, consistency conditions of CFT always rule out the existence of such single poles in the examples we studied. This seems to suggest that the implication of the hidden conformal symmetry extends beyond the leading logarithmic singularities. On the other hand, in general correlators there are more ways to modify the Mellin amplitude without changing the leading logarithmic singularities. It would be interesting to see to which extent the correlators are determined by the hidden conformal symmetry. More concretely, the pre-amplitudes and their associated correlators λ p 1 p 2 p 3 p 4 appear to be the right objects to focus on. In the case of O SG 2 O SG 2 O SG p O SG p , we showed that the one-loop correlators are completely captured by the pre-amplitudes. The generalization to higher weights is straightforward, and it would be fascinating to see if the same still holds true.
It is also clear what needs to be done in order to make progress, following our discussion in Section 3.4. The first order of business is to systematically extract all the OPE coefficients which make first appearance at order O(1/c). These data will play an important role in fixing the one-loop Mellin amplitude. Acquiring these OPE coefficients demands a more thorough analysis of the tree-level correlators, and may reveal new structural features in the theory. The general correlators do not share the simplifications of the O SG 2 O SG 2 O SG p O SG p correlators. However, we can choose to study different classes of correlators so that only some of the new features are present. For example, we can simplify the analysis by first focusing on the next-to-next-to-extremal correlators 12 , of which the reduced correlators are R-symmetry singlets. This is a simple generalization of our analysis, but allows us to explore the consequence of the non-exactness of the free correlator in 1/c, and the non-overlapping double-trace operators in more than one channels. Through these explorations we can expect a sharper understanding of the consequence of the hidden conformal symmetry on correlators at one loop level, and hopefully start to understand the true nature of these hidden structures.
Finally, let us mention another related setup, namely, eleven dimensional supergravity on AdS 7 ×S 4 . The superconformal kinematics for 6d (2,0) theories are quite similar to those for 4d N = 4 [16, 17, 22, [70] [71] [72] correlator at one loop, by exploiting similar techniques used in this paper. Given that the one-loop Mellin amplitudes are extremely simple for the AdS 5 × S 5 background, it is intriguing to see whether such simple behavior is also shared by the one-loop Mellin amplitude in AdS 7 × S 4 . We can then further take the flat space limit, and study the interplay between CFT and flat space physics in eleven dimensions.
where C mn = 1 4 (2 + m + n)(4 + m + n) ,C mn = 1 4 (m − n)(m − n − 2) .
(B.6)
It is worth pointing out that the operator ∆ (8) is not crossing invariant even when the external weights are equal.
